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Bounda ry  p r o b l e m s  r e l a t i n g  to the hea t  conduct ion  equat ion a r e  so lved  by  the s t r a i g h t - l i n e s  
me thod  wi th  spa t ia l  quant iza t ion .  

The  s t r a i g h t - l i n e s  me thod  [2] was  used  in [1] f o r  i n t eg ra t ing  equat ion 

u~ = u L + f(x, t) 

with v a r i o u s  b o u n d a r y  and ini t ial  condi t ions ,  and with n u m e r i c a l  r e s u l t s  a lso shown.  

In  this  a r t i c l e  the s t r a i g h t - l i n e s  me thod  will  be  appl ied to the solut ion of b o u n d a r y  p r o b l e m s  r e l a t i ng  
to the hea t  conduct ion  equat ion with va r i ab l e  coef f i c ien t s  which  depend on the space  va r i ab le .  

Le t  the hea t  conduct ion  equat ion  be given for  the in te rva l  0 < x < b 

au o (  au) 
p ( x ) ~ - =  ~ ie(x) ~ - -q(x)  u + [(x, t), 

(1) 
p (x )>O,  k ( x ) > 0 ,  q ( x ) > 0 ,  

with the b o u n d a r y  condi t ions  

and wi th  the init ial  condi t ion  

u (0, t) = ~1 (t), u (0, t) = % (t), o < t < T, (2) 

u(x, 0) =~(x ) ,  O ~ x ~ b .  (3) 

When the in te rva l  [0, b] is  b r o k e n  down into n + 1 a r b i t r a r y  sec t ions  by  s t r a i g h t - l i n e s  x = x i (i = 1, 2, 
. . . .  n) in s t eps  of h i = x i - x  i _ 1, and when the de r i va t i ve s  with r e s p e c t  to x a re  app rox ima ted  by the d i f -  
f e r e n c e  e x p r e s s i o n s  [3], we will  obtain  a s y s t e m  of o r d i n a r y  d i f fe ren t ia l  equat ions  

du~ l [ ki+t/2(ui+l--ui) ki_l/z(ui--u~_l) ] __q~ui +'[~(t ) (4) 

(i = 1, 2 . . . . .  n), 

u o =% (t), u~+~ = % (t), 0 ~ t ~ T, 

with the ini t ial  condi t ions  

u i (0) = r (i = 1, 2 . . . . .  n). (5) 

H e r e  hi = 0.5 (h i + h i +1), ki +1/2 = k (x i + 0.5 h i +1), ki - 1/2 = k (x i = 0.5 hi), and u i = ui(t) is  the app rox ima te  
so lu t ion  of p r o b l e m  (1), (2), (3) on the s t r a i g h t - l i n e  x = x i. 

The p r o b l e m  (4), (5) will  now be s t a ted  in v e c t o r  fo rm:  

u' + p u  = f (t), u ( o ) =  , ,  (6) 

w h e r e  
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u~ (t) 

u = u s (t) , 

u,, (t) I 

f (t) = 

~ (t) - q ~ (t) 
f~ (t) 

t~ (t) 

[n (t) - -  b ,~2 (0  

�9 { 

�9 { 

*t  I 
�9 { 

�9 { 

a 1 - -  b, 0 0 . . .  0 0 0 

---c~ a~ - -b~  0 . . .  0 0 0 

0 0 0 0 . . .  - -cn_ 1 an_ 1 ---b~_ 1 

0 0 0 0 . . .  0 --c~ a~ 

bi = ki+I/2/Pthiht+1, ct =k~-l/2/Pththt ,  at = bt + ct + qv 

The  m a t r i x  P a p p e a r s  to be  a J a c o b i a n  [4], 

w r i t t e n  down as  

i t  h a s  r e a l  and d i f f e r e n t  e i g e n v a l u e s ,  so  tha t  i t  m a y  be  

P = G-lAG, 

w h e r e  h i s  the  d i a g o n a l  n - t h  o r d e r  m a t r i x  whose  e l e m e n t s  a r e  the  e i g e n v a l u e s  of m a t r i x  P .  

I f  we d e s i g n a t e  

u = Ou, F (0  = G? (0, ~ = G ,  q )  

and m u l t i p l y  on the l e f t  hand  s ide  of (6) b y  the m a t r i x  G,  we wi l l  have  

U' + AU = r (t), U (0) = T.  (8) 

The  s p e c t r u m  of m a t r i x  P i s  d e t e r m i n e d  f r o m  the c h a r a c t e r i s t i c  p o l y n o m i a l ,  an e x p a n s i o n  b a s e d  on 

the  fo l lowing  r e c u r r e n c e  f o r m u l a s :  

D O (~) = 1, D, (~) ----- a, - -  L, 

D~ (~) = (a t - -  ~) Dr_ 1 (~.) - -  b . q  Dr_ 2 (L) (9) 

( i = 2 ,  3 . . . . .  n). 

The  t r a n s f o r m a t i o n  m a t r i x  G -1 m a y  e m b o d y  the l i n e a r l y  i n d e p e n d e n t  e i g e n v e e t o r s  (co lumn v e c t o r s )  

of  m a t r i x  P 

X8 = (x,5,  x25 . . . . .  xt . . . . . .  x , J  (s = 1, 2 . . . . .  n) ,  

w h i c h  c o r r e s p o n d  to the  v a r i o u s  e i g e n v a l u e s  ~ s .  

The  fo l lowing  e x p l i c i t  r e l a t i o n  a p p l i e s  to the  i - t h  c o m p o n e n t  of the  e i g e n v e c t o r  which  b e l o n g s  to the 

e i g e n v a l u e  ~ s 

x~s = l~b~ 1 b :-~ b•Jl D .  (ks) (i, s 1, 2, n). (10) 

L e t  us  now c o n s i d e r  the  m a t r i x  P ' .  I t  i s  qu i te  e v i d e n t  tha t  i t s  c h a r a c t e r i s t i c  p o l y n o m i a l  r e p r e s e n t s  an 
e x p a n s i o n  b a s e d  a l s o  on the  r e c u r r e n c e  f o r m u l a s  (9), wh i l e  i t s  e i g e n v e c t o r s  a r e  c a l c u l a t e d  b y  the f o r m u l a  

Yts---~'ll c~l C31 "'" c s lDs - I  (~q) (s, i =  1, 2 . . . . .  tz). (11) 

The  o r t h o g o n a l i t y  r e l a t i o n  fo r  the  e i g e n v e c t o r s  of  m a t r i c e s  P and P '  ho lds  t r u e  

0, if i ~ s, 
xlsYtl + x~sYt2 + "'" + XnsYin = l~d~,  if i =s .  

A s s u m i n g  l s  = 1 and -~  = l / d i ,  we ob ta in  o r t h o n o r m a l i z e d  s y s t e m s  of v e c t o r s  X s and  Yi.  

The  m a t r i x  c o n s t r u c t e d  wi th  e i g e n v e c t o r s  (row v e c t o r s )  Yi of m a t r i x  P '  wi l l  be  the  sought  m a t r i x  G. 

The  p r o b l e m  (6) s t a t e d  in  the  c a n o n i c a l  f o r m  (8) i s  
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UI + )o,U, = F, (t), U, (0) = ~F~ (i = I, 2 . . . . .  n). 

In this way we will have n independent Cauchy p rob l ems  for  f i r s t - o r d e r  equations.  
these  p rob l ems  are  

t 

U, (t) = T~ exp (--  ~,t) + j' exp [--  ~ (t - -  ~)] F, (~)d~ (i = 1, 2 . . . .  , n), 
0 

whe re  

The solutions to 

F~ (t) = ~ d~ -~ [[s (t) c~ -t .-- c~ -1 D~-I (~.~)] --d~ -~ [c1% (t) + b~% (t) c~ -~ ... Cn ~ Dn_ ~ (L,)], 
S 2 1  

~ = ~ d ~ - ~  c -12 "'" c7'D~-x (~) .  
s = l  

P e r f o r m i n g  the inve r se  G - t r a n s f o r m a t i o n  will yield the solution of p rob lem (4), (5): 
t 

u , ( t ) =  ~ [T~exp( - -~h t )+  j'exp [ - - ~  (t--~)]Fh(0dl:] 
k=l 0 (12) 

b] -1 b - I  Di_ 1 (X~). �9 " ' "  i__] 

Using the explici t  f o rmu la s  (9), (10) for  de termining  the e igenvee tors  of m a t r i c e s  P and P '  is not ex -  
pedient  when the value of n is l a rge  [5]. The e igenvec tor  which co r r e sponds  to the eigenvalue Zs can be 
found eas i ly  by solving the r e spec t ive  s y s t e m  of equations.  The appearance  of m a t r i c e s  P and P '  indicates  
that  the f i r s t  and the l a s t  equation of this s y s t e m  contain two unknowns while all the other  equations contain 
th ree  each.  Inasmuch  as the e ignnveetor  is de te rmined  with an accu racy  up to an a r b i t r a r y  fac tor ,  with 
the a r b i t r a r y  f i r s t  component  Xls given it b e c o m e s  poss ib le  to de te rmine  all the o thers  by a subsequent  
solution of one equation with one unknown. 

As express ion  (12) shows,  the solution obtained for  p rob lem (1), (2), (3) contains an analytic s t a t e -  
ment  with r e s p e c t  to the va r i ab le  t, and he re  this method of fers  definite advantages  over  other  numer ica l  
methods .  

In o rde r  to es tab l i sh  whether  p rob l em (4), (5) is amenable  to an approximat ion  of the exact  solution, 
one mus t  find out whether  the s y s t e m  of d i f fe ren t ia l -d i f fe rence  equations has a unique and s table  solution. 

I t  follows f r o m  (12) that a solution to the Cauchy p rob lem (4), (5) ex i s t s ,  if functions f(x, t), ~l(t), 
and ~02(t ) a re  continuous in the in terva l  [0, T]. 

We will now es tab l i sh  the uniqueness of the d i f fe ren t ia l -d i f fe rence  equations sy s t em.  
we designate  

n + l  

Z~.. i - -  z l  - -  Z i - t  Z i + l  - -  Zi 
. h~ , z~. i =  hi+i , ai+x = k~+v2, at ----- ki- '~/2, 

1 I Zi+l --  Zi Zi --  ~i-I 1 
( a Z x ) x , i  = W ai+l h~+l ai hi " 

_1 

In these  designat ions there  is impl ied  Green ' s  d i f ference  fo rmula  for  a nonuniform grid [6]: 

(y, (az~-))* z --- - -  (a, y~- z~] + (ayzz)~+~ - -  a~ (y.z)o. (13) 

Assuming  the exis tence  of two solut ions ufi, u2i (i = 1, 2, . . . .  m) and cons ider ing  the d i f ference  vi 
= uli -u2 i  (i = 1, 2, . . . , n) which sa t i s f i e s  a s y s t e m  of homogeneous equations with homogeneous initial  
condit ions,  we will prove  that functions vi(t ) a re  ident ical ly  equal to ze ro .  

Consider  the functional 

2 2 2 
i = 1  0 i = 1  i = l  

Different ia t ing (14) with r e s p e c t  to t, 

F o r  this purpose  

(14) 

applying fo rmu la  (13) and homogeneous condit ions,  we obtain 
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dS (t) 
dt 

v~--vi-1] 
- -  l~t-~/2 hi ] + q~ vi 

- 2 p~v;--  -~i k~+,/2 h~+x 

} hiv~ + 2k.+l/~v'n+ , vn+ 1 - v .  2kl/2v o v x - - v  o _ 0 .  
h,~+l hi 

If  fol lows f r o m  h e r e  that  J(t) = c i -= cons t  and, s ince  J(0) = 0, that  J(t) = 0. This  is  equivalent  to the 
condi t ions :  

v~ (t) = 0, v i - -  v~_ 1 = 0 (i = 1, 2, . . . ,  n). (15) 

Tak ing  into account  (15) and h o m o g e n e o u s  init ial  condi t ions ,  it is  e a s y  to show that  vi(t  ) = cons t  ~- 0 
(i = 1 ,  2 . . . . .  n) .  

Let  

p ( x ) > m p : > O ,  k(x)>~m h > O ,  q(x)>/O, h o = m a x  hi, 
t-<.t~<a 

k o = max ] k (x) [, k 1 ----- max ] k' (x) ], k 2 = max ] k" (x)], 
xe[0. b] x~[0, b] xe[0, b] 

A x = max ] u~ (t, x) [, A, = max ] u~ ix, t) ], A 3 = max ] u ~  (x, t) 1. 
x~[0, hi, tel0, t] x~[0, hi, t~[0. T] x~[0, hi, t~[0, r] 

w h e r e  

The  e r r o r  of the solut ion can  then be e s t i m a t e d ,  as  in [7-9] ,  to be 

[ u (t) I ~ hoM ] / 2  (b-:- xi) x, t (i = 1, 2 . . . . .  n; 
mom~ 

0 ~ < t ~ <  r ) ,  

2 
y~ (t) = u (x,, t) " u ~  (t), M = k~A~ + klA 2 + --5- k~ 

This  e s t i m a t e  d e t e r m i n e s  the c o n v e r g e n c e  of the s t r a i g h t - l i n e s  method.  

The  r e s u l t s  shown h e r e  can be  ex tended  to the hea t  conduct ion  p r o b l e m  with o the r  l i nea r  b o u n d a r y  
condi t ions ,  and a lso  to the c a s e  of d i scont inuous  coef f i c ien t s  in the equat ion.  

P a r t i c u l a r l y ,  the s t r a i g h t - l i n e s  method outl ined he re  with a nonun i fo rm s tep  is convenient  to use  fo r  
p r o b l e m s  r e l a t ing  to the p ropaga t ion  of hea t  t h rough  mu l t i l aye r  med ia .  

NOTATION 

U 

P(x) 
k/x) 
q(x) 
fix,  t) 
gpt(t), gp2(t) 
! 

is  the t e m p e r a t u r e ;  
is  the vo lume heat  capac i ty ;  
is  the hea t  conduct iv i ty ;  
is  the hea t  t r a n s f e r  coeff ic ient ;  
i s  the dens i ty  of hea t  s o u r c e s  at  a point  x at an ins tan t  of t ime  t; 
a r e  the b o u n d a r y - v a l u e  funct ions ;  
is  the s ign of t r anspos i t i on .  

1. 
2. 
3. 

4. 
5. 

6. 
7. 
8. 
9. 
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